We investigate an m-point boundary value problem for nonlinear fractional differential equations. The associated Green function for the boundary value problem is given at first, and some useful properties of the Green function are obtained. By using the fixed point theorems of cone expansion and compression of norm type and Leggett-Williams fixed point theorem, the existence of multiple positive solutions is obtained.
Introduction
In recent years, the existence of positive solutions multipoint boundary value problems of fractional order differential equations has been studied by many authors using various methods see [1] [2] [3] [4] [5] [6] [7] .
The study of multipoint boundary value problems for linear second-order ordinary differential equations was initiated by II'in and Moiseev 8, 9 .
Since then, nonlinear multipoint boundary value problems have been studied by several authors see [10] [11] [12] [13] [14] . Recently, in 15 , the authors have studied the existence of at least one positive solution for the following nth-order three-point boundary value problem: In this paper, we study the existence of at least one positive solution, existence of two positive solutions associated with the BVP 1.3 -1.4 by applying the fixed point theorems of cone expansion and compression of norm type, and the existence of at least three positive solutions for BVP 1.3 -1.4 by using Leggett-Williams fixed point theorem.
The rest of the paper is organized as follows. In Section 2, we introduce some basic definitions and preliminaries used later. In Section 3, the existence of multipoint boundary value problem 1.3 -1.4 will be discussed.
Preliminaries
In this section, we introduce definitions and preliminary facts which are used throughout this paper. 
where c i ∈ R, i 0, 1, 2, . . . , n − 1. 
for some c i ∈ R, i 0, 1, 2, . . . , n − 1.
Definition 2.9. The map θ is said to be a nonnegative continuous concave functional on a cone P of a real Banach space E provided that θ : P → 0, ∞ is continuous and
for all x, y ∈ P, 0 ≤ λ ≤ 1.
Lemma 2.10 see 21 . Let P be a cone in a real Banach space E, P c {x ∈ P : x < c}, θ is a nonnegative continuous concave functional on P such that θ x ≤ x , for all x ∈ P c , and
is completely continuous and there exist positive constants
then T has at least three fixed points x 1 , x 2 , and x 3 with
with θ x 3 < b.
2.7
Lemma 2.11. For a given y t ∈ C a, b and n − 1 ≤ α < n, the unique solution of the boundary value problem 
2.11
Proof. Using Remark 2.8, for arbitrary constants c i ∈ R, i 0, 1, 2, . . . , n − 1, we have
2.12
In 
. . .
2.13
Applying the boundary conditions 2.9 , we find that 
2.15
Substituting the values of the constants c i , i 0, 1, 2, . . . , n − 1, in 2.12 , we obtain 
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Lemma 2.12.
Proof. We have 
Proof. It is clear that i holds. So, we prove that ii is true. 
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If a ≤ t ≤ s ≤ b, then we have
Therefore, 
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If 
iv Since ∂H t, s; η
1 , η 2 , . . . , η m−2 /∂t − m−2 i 1 β i η i − s α−2 /δ 1 Γ α − 1 ≤ 0,i 1 γ i b − s α−1 − η i − s α−1 δ 2 Γ α b − m−2 i 1 γ i η i − δ 2 a m−2 i 1 β i η i − s α−2 δ 1 δ 2 Γ α − 1 , min τ 1 ≤t≤τ 2 H t, s; η 1 , η 2 , . . . , η m−2 m−2 i 1 γ i b − s α−1 − η i − s α−1 δ 2 Γ α b − m−2 i 1 γ i η i − δ 2 τ 2 m−2 i 1 β i η i − s α−2 δ 1 δ 2 Γ α − 1 m−2 i 1 γ i b − s α−1 − η i − s α−1 δ 2 Γ α τ * b − m−2 i 1 γ i η i − δ 2 a m−2 i 1 β i η i − s α−2 δ 1 δ 2 Γ α − 1 > τ * max a≤t≤b H t; η 1 , η 2 , . . . , η m−2 , s .
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Main Results
Let us denote by E C a, b the Banach space of all continuous real functions on a, b endowed with the norm u max a≤t≤b |u t | and P the cone
where τ min{τ 0 , τ * }, since τ 0 , τ * are constants do not depend on t.
Let the nonnegative continuous concave functional θ on the cone P be defined by θ u min τ 1 ≤t≤τ 2 u t . Set T : P → E by 
3.3
Hence, we have T P ⊂ P . By standard argument, one can prove that T : P → P is a completely continuous operator.
The Existence of One Positive Solution
We introduce the following definitions: 
then the BVP 1.3 -1.4 has at least a positive solution.
Proof. We know that the operator T : P → P defined by 3.2 is completely continuous. a Let Ω 2 {u ∈ E : u < r 2 }. For any u ∈ P ∩ ∂Ω 2 , we have u r 2 which implies that 0 ≤ u t ≤ r 2 for every t ∈ a, b : 
which implies that
Tu ≤ u , u ∈ P ∩ ∂Ω 2 .
3.6
Abstract and Applied Analysis 
which implies that
Tu ≥ u , u ∈ P ∩ ∂Ω 1 .
3.8
In view of Theorem 2.6, T has a fixed point u 0 ∈ P ∩ Ω 2 \ Ω 1 which is a solution of the BVP 1.3 -1.4 . 
The Existence of Two Positive Solutions
Then, the BVP 1.3 -1.4 has at least two positive solutions.
Proof. At first, it follows from condition H 1 that
Further, it follows from condition H 2 that
Finally, since f ∞ ∞, there exists ψ > τ 
3.12
Therefore, we have
Thus, from 3.6 , 3.8 , 3.13 , and Theorem 2.6, T has a fixed point u 1 , in P ∩ Ω 2 \ Ω 1 and a fixed point u 2 , in P ∩ Ω 3 \ Ω 2 . Both are positive solutions of BVP 1.3 -1.4 and satisfy 
then the BVP 1.3 -1.4 has at least two positive solutions u 1 and u 2 such that
Proof. At first, it follows from condition H 1 that we may choose ρ 1 ∈ 0, ρ such that
where ψ is defined as in Theorem 3.2. Set Ω 1 {u ∈ E : u < ρ 1 }, and u ∈ P ∩ ∂Ω 1 ; from 3.2 and Lemma 2.13, for a ≤ t ≤ b, we have 
3.17
Further, it follows from condition H 2 that there exists ρ 2 > ρ such that 
3.20
Finally, let Ω 3 {u ∈ E : u < ρ} and u ∈ P ∩ ∂Ω 3 . By condition H 3 , we have 
Proof. It follows from condition H 1 that we may choose ρ 3 ∈ 0, l such that 
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Hence, in either case, we always may set Ω 5 {u ∈ E : u < l * } such that
Finally, set Ω 6 {u ∈ E : u < l}, then u ∈ P ∩ ∂Ω 6 
3.40
which implies that Tu ≤ a 3 , u ∈ P a 3 . Hence T : P a 3 → P a 3 . Next, by using the analogous argument, it follows from condition i that if u ∈ P a 1 , then Tu < a 1 .
Choose u t a 2 a 2 /τ /2, t ∈ a, b , it is easy to see that u t a 2 a 2 /τ /2 ∈ P θ, a 2 , a 3 , θ u a 2 a 2 /τ /2 > a 2 . Therefore, {u ∈ P θ, a 2 , a 2 /τ | θ u > a 2 } / φ. On the other hand, if u ∈ P θ, a 2 , a 2 /τ , then a 2 ≤ u t ≤ a 2 /τ, t ∈ τ 1 , τ 2 . By condition iii , we have f t, u t ≥ Na 2 .
Hence, 
